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ABSTRACT 


In this thesis the problem of quantization of spin 
3/2 field interacting with an electromagnetic field is 
critically examined. An attempt is made to trace the origin 
Ofetic Grr riculi tes OCCUrIngG inetnis= problem, 

The first three chapters review briefly the nature 
of the problem, presenting the stand point from which 
we analyze the quantization procedure Gr espines 7/2 
field, as well as establishing the notations to be used. 

Tee peri a-echwinger field with mass m and spin 3/2 
minimally coupled to electromagnetic field is quantized in 
Chapter 4 first by extending the method used by Takahashi 
and Umezawa, an pdt eis of Kimel and Nath's work is 
then presented. It was found that our quantization procedure 
suffers the same inconsistency as Johnson and Sudarshan. 

The existence of the S-Matrix is proved in chapter 5 
under the weak field assumption. 

Our conclusion is presented in Chapter 6 with discussion 


on the possibility for further investigation. 
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CHAPTER IL 


INTRODUCTION 


The problem of quantization for system with higher 
spin has been studied extensively ever since the earlier 
development of quantum field theory. Nevertheless, 
pecolclSeentie set Ofsrules! formstne Quantization of inter— 
Bact nce nighesec pene Llclosvemsctinl lj absence. 

In 1936, Dirac (1) published a paper on relati- 
vistic wave equations for spins greater than a half. 
However, aS was pointed out by Fierz and Pauli (2), if 
Dirac's wave equations were coupled to an external 
elleceromagier curlelospyesibstiluceng oF a eA, Ove he 
they become inconsiStent. To avoid the immediate 
algebraic inconsistency that arises in the presence of 
interactions, when the constraints are postulated inde- 
pendently of the equations of motion, Firez and Pauli 
suggested the method of higher-spin Lagrangians. It 
has Since become a popular technique to construct 
Lagrangians for free higher spin particles which yield 
both the equations of motion and the constraints. 
However, Velo and Zwanzinger (3) have shown that the 
Lagrangian device by itself does not automatically 
provide satisfactory wave equations. The wave equations 
for the Rarita-Schwinger (4) Spin 3/2 field minimally 
coupled to electromagnetic fieldprossess noncausal 


modes Of propagetion. This @problem 1s not resoived 
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by the addition of (non-minimal) magnetic moment 
CLermse.bor the anteracicion) Lagrangiankss(5) i 

It has been shown by Johnson and Sudarshan (6) 
that the basic problem in the quantization of Fermi- 
Drcacetlelds of Spinkgreatertthaneas halt isethatethe: 
Sxvstencesoresecondary, constramntsvone thermrields 
necessarily brings the dynamics into consideration. 
They have furthermore, shown that for the case of 
spin 3/2 field, a coupling to an external electro- 
magnetic field renders the anticommutators indefinite 
and ererene inconsistent with a positive definite 

metric when it is quantized in terms of the Schwinger's 
actaoneprincipleawe the andetinitenessuarisesstirom tie 
presence of the figs. 2 = 2 & (2e/3m2)G*B in the 
anticommutation relation, B is the magnetic field 
strength. the anticommutator is positive definite only 
ae | (2e/3m?) BI <i] severywhere. The quantizationnby 
Johnson and Sudarshan is consistent if the inequality 
(2e/3m2)2B2 < 1 is satisfied. This situation shall 

be refered to as the "weak field case". 

Gupta and Repko (7), demonstrated that the choice 
of canonical variables corresponding to the commutation 
relations’ found by Johnson and Sudarshan (6) suffers 
Phenedditlonaimanconsistency of not) beingecompatible 
with the Heisenberg's equations of motion. By making 


apwudicloOlsetranscormation sOmithe Canonicalevariables 
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for the spin 3/2 and the electromagnetic fields, they 
have explicitly constructed the Interaction Hamilton- | 
ian and the commutation relations for the field vari- | 
ables which are consistent with the Heisenberg's eae 
ions of motion. Hence they conclude that the quantizat- 
ion of charged spin 3/2 field, although creating..enormous 
mathematical complications, does not appear to involve 
any fundamental difficulty or inconsistency. Recently 
Kimel and Nath (8) eet ev THEI the problem using the 
Yang-Feldman (9) formalism. Their work seems to confirm 
and complement the results and conclusions of Gupta 

and Repko. However, they reserve the possibility of 
internal inconsistency within the Yang-Feldman formal- 
ism when certain eencieons between the Heisenberg Field 
operators and the asymptotic fields break down. 

It was not clear whether the Johnson-Sudarshan's 
inconsistency is inherent in the Schwinger's action 
principle (10) or it stems from the peculiar propagation 
character of the fundamental field equations. In this 
thesis, we critically examine the problem of quantization 
of spin 3/2 field interacting with an electromagnetic 
frelo and attempe to urace! tne Orlgin of the difficulties. 
We present in Chapter 2 a summary of the fundamental 
structure of Quantum Field Theory which provides us 
with a stand point from which we analyze the quantizat— 
TOME OL OCeCOULewOumo Dl ts / cmt. OL see ncaa Gls, we 


review briefly the general properties of the Rarita- 
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Schwinger wave equations. The Rarita-Schwinger field 
with mass m and spin 3/2 minimally coupled to electro- 
magnetic field is quantized in Chapter 4 first by ex- 
tending the method used by Takahashi and Umezawa (11) 
fInepaLrticularethne. second paper of Ret. oll, "see alsa 
Katayama (12)) for the case of interactions with higher 
derivative coupling. This method is essentially an 
extension of the Yang-Feldman Technique (9) where the 
Interaction Hamiltonian is defined through the wave 
equation in integral form, and from the Interaction 
Hamiltonian, the S-matrix is constructed. The Inter- 
ecerlOngians |Lponlang for OUum Caseni1s LOund: tow be "an 
Sen ee power series of the coupling constant (the 
charge e), and apart from the llowest, order term, all 
terms of higher order depend on the normal to a hyper- 
SuGEoce me LlepeepUlcit. LOrm On ethos interaction. Bam l— 
EOnLan 1S determined up to the fourth order in e. in 
contrast to the work of Kimel and Nath (8) where the 
secondary constraints has to be used explicitly to 
eliminate one of the dependent field in the source 
term, our method does not make any reference to the 
constraints, |) Phews-matrix formally constructed from 
the Interaction Hamiltonian is explicitly demonstrated 
to satisfy the "generalized Matthews'rules" (13) in the 
PertuLbatlonscalculacion sto. mourth Order in eG. eli the 
context of this formalism we can generally argue that 


the anticommutation relation of the Heisenberg field 
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is always positive. Thus we seems to have obtained 
a consistent quantization scheme for the interacting 


Spin 3/2 field in terms of perturbation calculation. | 


1 
4 


However, arter going through all the tedious and Wane 
thly calculations, the anticommutators thus obtained 
coincides with that of Johnson and Sudarshan at least 
to fourth order in e if we expand their result in the 
form of power series. It seems highly unlikely that 
our result will disagree with those of Johnson and 
Sudarshan's in higher order. We are oblidged to con- 
clude that inconsistency does occurin this formalism. 
We also extended the work by Kimel and Nath to fourth 
order in the charge in perturbation calculation and 
POUNG welidescie Pence agrees with ours. We then em- 
ploy a smearing technique (14) to our field to study 
the possibility of existence of the Scattering matrix. 
We found that we have to restrict cirselves to the 
weak field case (which is also the case where the 
previous method is consistent) in order to solve the 
Cauchy problem. We conclude our study in Chapter 6 
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CHAPTER 2 


FUNDAMENTAL STRUCTURE OF 


QUANTUM FIELD THEORY f 


TOMpLOvidelusgwi the thes toundatiOneronm analizang 
Phesquantization procedure of the spin.3/2 field, we 
Summarize here the fundamental Lee Orequantum 
field theory. 

We begin with the field equations for the Heisen- 


berg fields (say p(x) ); 
A (0) (x) = JL (x) J A Zions 


Here A(d) is a differential operator.and J , the 
source, 1S a functional of the field operators 

and their derivatives. We shall be interested in the 
case where the solutions of 2.1 can be expressed 


ieee tis. Ot ar Cenpainwmoct soni Lecwr elise: (Say Wx) )) 


which satisfy the linear, homogeneous wave equations; 
MIG KIIe ah Ve ty ees 
Wiehe prOoperepropagati on characteristic e (i.e. the 


wave equations 2.2 should be hyperbolic). When there 


exist such solutions, we have; 


y= viel, se 


and the particles associated with the field w is 
rererrea to as Quastparticle. 

We also Gequire that any functionalsor y should 
be expressible in terms of wp . This means that the 
Guastparticle’ ticld WW forms a complete set “(d.c., 
an irreducible operator ring). We must emphasize here 
the completeness of w such that the above requirement 
is satisfied, since in the quantization procedure to be 


discussed in Chapter 4 (The Takahashi-Umezawa Method), 


we obtain a relation of the form; 


(which is always valid as w form a complete set), and 
by inverting 2.4 we find the structure of wip] in 
2.3. This procedure may lead to inconsistent results 


Pie) sO NOU tOrmlea COMpLetesSetu~. 


*This may be the reason why the quantization of the 
spin 3/2 fields as presented later leads to inconsistent 
results, since we do assume the completeness of the 


free fields. 
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The particle picture is obtained when one chooses 
the Fock space of these: 1) aS the Hilbert space.» To 
introduce the Fock space, let ay stands for annihi- 


lation operators for the quasiparticles and |0> de- 


notes the vaccum state; 


The Fock space is the Hilbert space which has as its 


basis the set*; 


Ae [teupamicie|*)> 2h > = Cail ere |o>} 
n n 
WhilCchmcOntbainssral ithe, ctatesiwith ini tesn hic, ews 


the normalization constant. 

To consider the problem of finding the structure 
of vly) Dawe eel ta US begi naw Ghuthe tote Adams 
Eonran yi fo) “OL the <svystemiin the, “Schrodingerypicc— 
ure", where @o denotes both the canonical variables 
and their conjugates. H(o) _ must be a hermitian opera- 
POmenmorder (to, be) ident ittcdsacethe energy operator 


of the system. Hence, we introduce a unitary trans- 


formation u which diagonalizes H(o) as follows; 


*Strictly speaking we should use wave packet by smear- 


ing -the a,'s with a complete set of square-integrable 


funcocLONS. 
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WwWhetem Hw(o)) (15 a ;diagonalizged matrix Operator. | If 
we could find such a wu which determines the Hy) (9), 
therscructure Of 992.5 81s established, vsince, as to 
be shown 2.14 that the Heisenberg fields are related 
EOethevasymptotic frelds by ~U@} Men is connected 
fOe ue, by. 2.134.) We have then vsolved our problem. 
However, in quantum field theory, we make the basic 
assumption ~that (Nelo), iis Omfoiliinear form in .¢ 
(plus c-number) which is the same as the noninteract- 
DioepaGteOr.tic Local nami Toonian nO) (apart trom 
the possible mass renomalization term), and then we 
determine the U(t). The validility of this procedure 
is guaranteed by the self-consistency of the theory. 
If inconsistency does arise in our result, we may try 
to MOodhivi Our Chotce of Ho (6) sand repeat the whole 
procedure. 

To see how the knowledge of H)(¢) enables us 
to determine the wu , we introduce the operators 0 9 


DetiveogtOm Ome tLULOuUGg I=) U mvas: 


It follows from 2.7 that, 
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H(o) = Ho (oo). Vike | 


We introduce the Heisenberg operators 9$(t) by the ' 


oil ()t 


operator as rollow; 


eih(o)t, -iH(g)t 


ae b 


Similiarily we introduce the "asymptotic operators" as; 


PhO DOES e tHo (do) t : eye sla 


De Gees = 


Die -ceasoneron ical Ming eo feeasetche asymptotic oper 
ators will become apparent later. 


The relation; 
H(o(t)) = Ho (bo (t)), 2 le2 


is established from 2.9 together with the transform- 


GeELOnG a2 a! Ormmand 6 2 8: 


Defining 
awe) elH(O)t QiH(o)t 
: ; PL tate 
elHo (do) t, .-iHo (Oo) t 
because of 2.12) the Heisenberg operators can be=_ 


related ito the asymptotic operators as; 


11 


Oe eee te) an (eu 2.14 | 


We rewrite U(t) as 


eiH(o)t, .-iH(o)t 


UG) 
nero (o)t ,~iH(g) t . aL as 
= uvVit), 
where 
vit) = erHoto)tQ-ih(o)t Dr 6 


Thessecond step in 92:15 as due to 2.7/ 


ibaver | semester, ~eleleislazeumoral tebe Mbp) 9 Tae 


We can explicitly determine J(t) by defining 


hee APA MS 
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A solution to 2.20 can be constructed from; 


€ 
by 
eho Selimed «, Jd A 
Selon 
provided, 
Ics Se = 0 
E+O € 


We can rewrite T. as; 


0 1 
T = -sf dt! TELE Ly Hans amy 223 
where 
aCe ae 


Aly = acl Ne ay: 


HrpoOnscne (cetinitwvonnote V(t), 2.526 ) we have 


Gok ae _ 
iszV it) = H, (t)v (t) ; Zee 


Wale Shelenicul Telehats henhelay 


Vi(O), =thk 


Mulia ey nee eg 2 eer rOMme therrignt. by Ge , we have; 


iV (GV (bo) = Bp (bIV (EV (to) 2.26 
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Par ngecoicw itt om t= sO. and qe 


Me —c3,) es 
hence, 
—1 - . 1 
V ~ (-~) De | Ci eae) Ane) 2.27 
Comparing G2. 2)7 Swath) (2.22) and errom 62.16, werobtain- 
u = Vi(-«) , 2.28 
andehence, from 2.15 we have, 
Ute) = Wit (-«)vit) 2.29 
ELOMMEC CO CHOC Initial CONdItLON 20m wu (f )eus 
Ui cos) Se SL 2.0 
Ditserentiating —2.83 With respect tos, tf weshave; 
; | -iH 
iS uit) ANC MS DAS oeenie Gey Sie oe ke 
sig tea) e eau 


ee ae re 
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THessOlLucronstom?, SlecwithSinivtwal veongettoneee: 301s 


edt* HY) (b'))U(t!) . 2.32 


UN) ee Re 

Brome thevuneeral condition s92.30 sand the relation 
2.14 we observe that as t + -o , the Heisenberg opera- 
tors  (t) and the asymptotic operators 9$,*t) coincides. 
This is the reason why ¢)(t) is called the asymptotic 
OPELAvOrSee Wetalsornote L£romers 42) Sthnatetic: loreal 
Hamiltonian expressed in terms of the Heisenberg opera- 
tors is equal to the diagonalized Hamiltonian Hy 
expressed in terms of the asymptotic fields. 

We usually introduce the operators in the inter- 
action representation by; 


o,¢5) otto CINE arent (do) t y vin cts 


which are related to the asymptotic fields as; 
-1 -1 
oz (t) SOU N eGigy Gt) Wl (chan (ae) Valea 0 a 2058 


Again, we note here that the H,(>) may differ 
from the one obtained by just taking the noninteracting 
Darteorstne totaleHamiltonian. 
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Ehetetiecre saceceno reactions among the particles. Lev 


us return to the Schrodinger representation and denote 


the time dependent state vectors as Va ieee Solace, 
H(o) = Ho (do), 
we have 
H(d) = ui {Ho (oo) + H' (oo)}u © 2.35 
The Schrodinger equation for the state vector y(t) nS) 
iSnux(t) = {Hp (do) + H' (o)}uxlt) . 26 


Introducing the state; 

Vie) os etHo (odt y(t) | | ease ey| 
we have from 2.36 that; 

iv (tb) = H' (go (b))¥ UE) . 2.38 
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rewrite 92537 as; 
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en NOB ess is infact time independent, we write; 


(ei, 2 a ree 


or 


(a) (ea) U (aco ) Se 2.40 
Y(-0o) is then the state vector in the Heisenberg re- 
presentation whistles V(t)> tis) the state wector™=in the 
asymptotic representation. 

The relations between the Heisenberg represent- 
acion, the asymptotic representation and the Schrodin- 


ger representation are as follows; 


( ¥(-0), F((t)) ¥(-«) ) 


ea IE Corncey area yeyh, cag 
and 

( ¥(-~), F(g(t)) ¥(-«) ) 

3 se) pe orca yo MS Gate , oe 
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where F is a functional of the fields. 

Hees neoweappacent trom 92°40 — that he operator 
U(t) describes the evolution of the states in the 
asymptotic representation. The transition probability 


fron the, state wae to the state “b> 1s egiven by; 
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nec icowernse wieietne transition ©£rom a “to b “occurs 
in an infinite time interval, the U(t) becomes the 
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This concluded our summary for the fundamental 
structure of quantum field theory within which frame 


work our quantization proceeds. 
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CHAPTER 3 


GENERAL PROPERTIES OF THE 


RARITA-SCHWINGER SPIN 3/2 WAVE EQUATIONS 


Before we proceed to quantize the fields within 
the frame work of Quantum Field Theory summarized in 
the previous chapter, we review briefly the general 
properties of the wave equations we are concerned with. 
This also serves to establish the notations we use in 
the later chapters. 

We begin with the free field. To describe particle 
of spin 3/2 and unique mass m, Rarita and Schwinger (4) 
used a sixteen eee vector-spinor field a with 


each compenent satisfying the Dirac equations; 
+ = : eral 
( ¥,9, +m Ne 0 


Tt is well known that the vector-spinor field transforms 
BCCOLOuNOMLO es COG Im (hes) 4O (51), 0 02,0) -05)(0,%)  repre— 
sentation of the Lorentz group and hence describesua 
epines/2mtield as well as two spines *fields." Theysub= 


Sucdlanyaconditions; 
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are imposed to eliminate the two unwanted spin k comp- 
Mieagta from Che veccor-spinor field in crder that the 
system describes pure spin 3/2 field. 

Starting with a general wave equation containing 


three arbitrary real parameters a,b andc ; 


Ay @ rb rc7o)p,, (x) 


a 33 
= -[ Ty (a,sb)d, + mB (c) sree = 0, 
where 
“pga egal = iG 8 + PS ER i + MAE CE, ; 
and 
Bi iy ‘°? = ae Bares 


we can derive both the equations of motion 3.1 and 
the subsidiary ’conditions 3.2 from AES by imposing 


the relations; 


a # =—5 0, 
b = 3( 14+2at3a’ ), 3.4 
ee See en 


Phe parameter a remains free except that it cannot be <=%. 


The particular value of a is without any physical sig- 


nificance since the Lagrangian density*; 


ee eee Pee eee ee ee ee ee 
ei 472) denotes the Ay a 1b1c79) when b and ¢c are 


related to a by 3.4. 
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where 
me f ae 
ie = Ho ey ’ 3.6 
with 
n Sane ee: n=n- =n, 
uv ea, 


SeelOlMmeinverlanteuncaer the point transformation. (15) 


PS lel ak CR eames 1 3 
u U u ORS lt 
This transformation merely mixes the two spin } 


components leaving the spin 3/2 components unchanged. 


In most of the following discussions, we choose for 


convience a = -l, then; 
- + + 
I tks GO has Oh airs Do ete Yutayy : 
and 
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The differential operator with this value of a will be 
denoted simply by ey: 
In this case the projection matrices for the two 


Sets Of Spin 4% COmponents are; 
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The corresponding sets of components characterizing 


spin % under space rotation are; 
Yu and Va > 


The spin 3/2 components, which are independent of the 


SHNotces ot a, are: 


a 2 -L 


One readily verifies that; 


Pai 1e yea? 0. ee Pa Demis 
see og nea g ens ij a 2 
The "Klein-Gordon divisor" , ce , Which reduces 


our wave equations to the Klein-Gordon Equations, i.e., 


= ? = ee 
a ee = ee (ia) 0 eons 
is given by*; 


‘i Lee - 
st lee = (ye, -m)d_ 62) = Gig 6B) CY) 95 m) Shae 
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where, 
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We observe that; 


{aan} = al-ayn. 
ve 
By virture of the existence of the Klein-Gordon 
divisor, the solutions to the wave equations can be 
decomposed in a Lorentz invariant fashion into positive 
and negative frequencies, satisfying the time independ- 


ent orthonormality conditions; 
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ut (x) ( ve» (x) ) denotes the positive ( negative) 
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frequency wave function with three momenta p (q ) 
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SpoeeltCitvery (Ss) eal, 275 4.0 eo eand. A are the solut- 


ions of the Klein-Gordon Equation. 
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ine explzciteform of the wave, functions. can be 
constructed from the wave functions for field with aga A 
4 and spin 1 using the Clebsch-Gordon Coefficients (16). 

To implement minimal electromagnetic eee 


Contier Spite 3/2 field, we make the relativistic and 


gauge invariant substitution; 


into the wave equations, with ae! being the vector 
potential of the electromagnetic field. We consider 


Simultaneously the following set of equations; 


Re ss = s = ECU Ay al) ; Spee ihe 
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DOr im “ee uns lini2y weshave the =primary <constrammtse? (6) *; 
= = - : 14 
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Note that 3.14 does not contain any time derivatives, 


Hence i sya pure constraint. equatlon. 


*For A(a:3),instead of taking yw=4, we multiply from the 


left by ¥,{ (atl) (6), 49),,)~ (Bath) (5, oy te aneadditienal 


term ~(atl) {y,7j-gehy,Y, appears on the right of 3.14 . 
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The “secondary constraints" whose structure depends 
on the dynamics of the system is obtained by contracting 


CI Veale ¥ and Th respectively as;* | 
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The commutation relation 
= -je(? A-9 A = -ieF 
[ nee ql at (or r oe e eat 
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Thesprimaryeconstraints!.3.14, and+the-secondary 


constraints , 3.15. together reduces the number of in- 


dependent components of the interacting field to eight 


aswinethesfree ease. i 


bet.-us analyze the equations. of motion 3.12 more 
elosely.. As  we-have observed that, 3.12 implies both 
the primary and secondary constraints, also the time 
derivative of the components vy, never appear in these 
equations at all. Hence mathematically Speakind pewoe Lz 
Gannot be) regarded.asithe: true equations, of motionsfor 
the field sat 

We review briefly how wave fields may be described 
mathematically: Wave propagation is usually associated 
with hyperbolic systems Ofepartual difrlerentiial equat-— 
ions. Such equations allow an initial value problem 
to be posed on a class of surfaces, called "spacelike" 
with respect to the equations, and they possess solut- 
ions with wave fronts that travel along rays at finite 
velocities. ‘The rays through any point form a ray cone. 
that is entirely determined by the coefficients of the 
Hhignestederivativessssthus; for hyperbolic systems, when 
eouplang,occurs, only, in» dower) derivatives, ) the» ray cone 
is the same in the interacting and free case. The free 
Klein-Gordon and Dirac equations are familiar examples 
of hyperbolic systems, and so, when they are coupled 
through lower-order derivatives, the ray cone remains 
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than one-half, the free equations are not hyperbolic, 
but constitute instead a degenerate system because they 
imply constraints. However, it may be shown that nee 

| 
are equivalent to a system of hyperbolic equations, | 
which describe the wave propagation, supplemented by 
constraints that are conserved in time. Puce Si senot 
'uuetriers) 1ieanyalowtor nonderivative) coupling term 
is added to the free higher-spin Lagrangian, the result- 
ing equations remain equivalent to a hyperbolic system 
with the light cone as ray cone, supplemented by the 
same number of constraints. Even when the system remain 
hyperbolic, the ray cone may be extended making the 
propagation acausal. In some cases the system may lose 
hyperbolicity making it Waser ante for the description 
of wave propagation. Some constraints may become equat- 
sieve Xe motion, thus increasing the degree of freedom of 
the field. These difficulties were observed by Velo 
and Zwanziger (3) when they investigated spin 1, 2 and 
B/2). 

To determine the velocity of propagation of the 
wave fronts, the concept of characteristic surfaces is 
LWeroducea. “The characterisitic isurtaces play the tole 
of wave fronts whose normals De for a linear system 
(age (alalels sme meni 
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Also, a “Spacelike"” surface is the surface on which 
initial conditions can be posed and is necessarily 
non-characteristic. 

When we apply the criterion 3.18 directly to ! 
the Rarita-Schwinger equation 3.12 , we find that: 
every surface 1S a characteristic surface, correspond- 
ing to the fact that there are constraints. Hence, we 
Connor pose Che lCauchy problem associated wren) 3.12 
with prescribed data on a "Spacelike" surface. To 
circumvent this difficulty, Velo and Zwanziger (3) 
proposed to study the new equations of motion by sub- 
StLeucing the constraints back ginto the original equat— 


ions. The new equations of motion are; 
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It can be shown that 3.19 preserves the constraints 
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satisfies the constraints at a given time satisfies them 
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ROtwwall Wime)e, fantsevery "solutionwof) (3.10 whirchisat— 
isfies the constraints at a given time is a solution of 
Lieromig ina equation mts. .2e tin tdditivon ee 3409) especi— 
fies the time derivative of Sg for any given component. 
3.19 is hence: called the true equation of motion. 

Bellissard and Seiler (17) have also proved that 
the knowledge of a fundamental solution E of A(t) da” (1) 
allows the construction of a fundamental soltuion E' 
\ideikele) via. Ges(ele Uakicte guhisle a* RE) On Vi(i yar byi far purely falce-— 
braic procedure. 
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Tete (eb) ee Ou, 3.20a 
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We observed that only in the "weak-field case" the system 
3.19 is equivalent to a hyperbolic system of partial 
differential equations, allowing the definition of 


Nespacelike” surface and "future and past cones” with 
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respect to the system be made. These differ, however, 
from the familiar spacelike surfaces and light cones of 
special relatively, since, one infer from the Seen 
factor 2n WS 20 0tehatetne ay "cone iis textended/,in other 
word, the propagation of the wave front is acausal. 

If the magnetic field strength is strong, the 
system ceases to be hyperbolic and is not suitable for 
the description of wave phenomena. 

With this review, we conclude our discussion of 
theeclassicaliwave cquattons.. We will tnow?’turn=our 
attentLon seo sthe tquantization of the Rarita=Schwinger 


field. 
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CHAPTER 4 


QUANTIZATION 


Weadivides the, discussion ame this chapter antec 
five sections as follows; we review briefly in 4-1, 
the Takahashi and Umezawa formalism for the quanti- 
zation of free fields as well as fields with general 
Interaction. The identities for the determination of 
the interaction Hamiltonian is derived. The general 
relation between the Heisenberg fields and the asymp- 
totic fields is established. 

In 4-2, the interaction Hamiltonian expressed 
in term of the asymptotic fields is explicitly deter— 
Mined up to fourth order in e, using the formulas 
stipulated in 4-1. We also explicitly express the 
Heisenberg operators in terms of the asymptotic opera- 
COR cOmen iS Order aie. 

From the interaction Hamiltonian determined in 
1-2, we construct in 4-3 formally the S-matrix and 
demonstrate that the "generalized Matthew's rule" [13] 
is satisfied. 

Amearcqunenteconcerning the positive derinice— 
ness of the equal time anti-commutation relation for 
the Heisenberg operator is presented in 4-4. The 


ex hicl peLOLrmmOLe Litussanci commutator is calculated. 
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SECTION 4—o, 1S devoted to the extension of an 
alternate computational techniques within the present 
formalism proposed by Kimel and Nath to fourth order! 


Calculation. i2ne. in contrast co che work 1n section 


4-2, ene Constraints have to be; used explicitly here. 


4-1 The Takahashi and Umezawa Formalism 


A method to quantize fields without the canoni- 
cal formalism was proposed by Takahashi and Umezawa 
[11]. In this method, the Heisenberg equation of 


motion; 
ee) = [E(x) PI i Ae 


where F(x) is any dynamical variable, is regarded as 
the most fundamental equation. The interpretation 

of 4.1 may be stated as follows: from a knowledge 
POUmUCCweCVOlUETONneOLc er. ))7 a COCR OUaIiLty ae as well as 
the commutator can be determined. According to this 
interpretation there are too many unknowns in the 
Sciatic li Ordetmitovdnri Ve ate al phiysically meanimg— 
PUlethneocy, tie LoOlLlowing rest LictLons are 2mposedson 


the quantity ey 
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1) P. and H oer are Hermitian. 

2) Ho ls NONsnegative (for it to be the energy) and 
repLesents tne total Hamiltonian, of the system, 

Ss) Only bosons and fermions exist an nature. 

4) a is a four-vector. 


5) All physical quantities at finite distance exterior 


to the light-cone are commutative. 


The method of quantization may be summarized 
as follows: The starting point is the field equation 
which contains all the subsidiary conditions. For 
free fields the equation is linear and of the general 


£LOrm 


= : ay Hie 
Ny gl or (x) =0 


We demand that the operator property of the field Py? 
i.e. its commutation relation, must be determined in 
Such idewayechat 42 lS Consistent with the Hersenberg 


equations 


SOO eae Oe Dal aaee woe 


fears important to note thatein Chis approach, the 
operator P itself is an unknown quantity which has 

u 
to be determined. In performing the quantization, we 


first solve the c-number linear wave equation 4.2 


- - 7 _ 4 ' ‘2 an — 4 
lee derié . ait 4a asia) nit ie ims 
: 7 » eae ~ 
, my ri jis . By i ray) ee ii en f Jif | Seas 7 ii 


<= 
- 


under Certain eernary conditions. When the solutions 
are a completeyset fof horthogonal sfunctions,, wevimpose 
a hormalization condition which is independent of 
time. The real advantage of the normalization, lies 
in the fact that when the field ue is expanded in 
terms of the c-number solutions so normalized, the 
expansion coefficients are nothing but the creation 
and annihilation operators where simply commutation 
relations are imposed. The operator property of oF 
is then determined. With these creation and annihi- 
lation operators, the Fock space is constructed. 

The quantization of interacting fields is essen- 
tially the same. A source term is added to the eer ie 
Ponmotie .Onm4 7 eating eitera Online art edudL1om. = LO 
Obtain a Consistent solution of the £1eld equation, in 
Such a way that 4.3 1S satisfred, is the whole story 
Ot field squantizderon. 

Let us consider the general field Tv (the label 
Mm UWenotes Girrerent types OL field as well as they com= 
ponents of each field) whose field equations are of the 
FOr, 


Ag (9), (x) i JO) 4.4 


where the source J, (x) takes on the general form, 
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J = 4 + } = a 
J) = Oy G8) et inutee bo > aes) 


On account of the second identity, we rewrite the 


Picldweduattonueanmto the snteqral storm, 


ret 


= ' a 1 1 
b, (8) = 6, (x) + | sh lwDisbesltan ya = Tse SM apoyo ats 


where uy is the asymptotic solution of the general field 
equation 4.4, satisfying the free field equation (i.e. 
with Ji = 0), and so we regard it as the quantity in the 
asymptotic representation. Our objective is to introduce 
a unitary transformation U(o) connecting the Heisenberg 
representation with the asymptotic representation. We 
may not be able to define U(o) as the transformation 
combining oy and oF directly since in general by con cains 
dependent variables. We introduce the auxiliary field 
operation >, (%r90) WiLChy USeanlUNnCtelOnd bora Shace 1 1ke 
surface o in addition to its dependence on the point x 
which may not lie on o.. We demand that o (&ro) satisfy 
the following requirements: 

i) b>, (X10) is connected with o,, &X) by the unitary 


transformation U(c) which depends only on o: 


6, (80) = U" (a) 9, (x) U(o) 


alert) oO) LS amcuncilonals or o,, (X10) at the same space- 


time point x, 
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where x/o means the point x lies on the surface o. | 
jl 
From requirement (i) we deduce immediately that 

d, (%19) satisfies the field equation and commutation 


retativon,ol the se ueerritela, for a fixed o: 
[o (%70) 1b, (KO) ], = ida (0) A (x-x") 
ec) Vento) = 0 4.6 


where dig (9) is the Klein-Gordon divisor. 
Since 4.6 is required for every surface o, it 
follows that there exists a unitary transformation 
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b, (0) =U" (5,0')9, (#,5')U(5,0') = U (5), (x) Uo), 


Swit Uta) = UG, =<). 
For an arbitrary functional F[x/o], we have’ in 


general; 


E(x/ol= U*(o)F[x]U (0) ' 


Where Bix/olmandy Fix] ~aregrdenticalg functions (of >, (XO) 


and >, () respectively. 
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We assume that; 
aa 
U(=3) (=3U (-3) = 1 
and 
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These assumptions can be justified a posteriori. 


The assumption 4.40 implies 


Ot Oo) eee 6U (co) 
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a Stee (Gt) eee) a Ge) 4.8 
therefore, we may put 

2 O.UC6 ) 

i aC ba Al (n, x) (a) 4.9 


Where Rea(n, xis) euetunctional of ne the normal to 


thewsurrtace o, end tts derivatives, To be consistent 
with 4.8, #H(n,x) must be a hermitian operator. We 


Cam later 10entily me, (bys) as’ the interaction 
Hamiltonian. 
We obtain trom 4,6mwand™4.9 the relation; 
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From 4.5 and the requirements (i) and (ii) we may 


write d, (79) in the following form: 


0 
= i t a t 5 ' 
6, (x10) =o, (x) 4 | dx'D°d, 4 (BVA (X=) 34. (X") 


fe} 
+ | ax'G, (x,x") 4.11 
where 
1 a 
Nip (2 )Ge (xx i) a Oe 4.12 


DBeMteriG is aswyetrarbitrary, except tliat tor the 
case x/fo, it must be function which is independent 
ope the —fieldsin ie past and hence must be a four 
divergence term. The condition 4.12 ensures that 
®(x,0) satisfies the free field equation. 

For the surface o which passes through the point 


25 
.X, we can establish a relation between $9 (x,o) and b (x); 


co 


OM S29.) Pat 0 1( 50) | axa Gx) Ded C30 A(x) Ga) 
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‘ar Be) 
+ | dx! G(x,x') 


We have suppressed the indices a and §6's. 
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= (x) + fax £0 (xg) ,D8A (8) 18 Gr) 5, Oe) 
=— CO | 
o (x) j 
xP dx'G(x,x') 
Ox) 
ha 
=" O0(x)7 FD A(3) 3 (x) + xT Gi Gear). Aes 


Since [6 (x, X) D°a (3) 1A (x-x') LomOLONGrUrOona ila 


6(x-x'), we write 


1 a “a= 
[0 (x -x ed Co eee Die Con ose) ee 


Using rithe notation. 


M(3)o(x/o) = [M(3)¢ (0) 1 7g 


where M(d) is a general differential operator, we have 


in general 
omen) 


M (3) (x/o) =M(2)6 (x) #89 4, 60 “P | dx'M(9)G(x,x"') 
4.14 


boiwessubstitutem.i4einte/thetrightehandesidesok 4/13, 


we can successively express $(x) in terms of 9(x/o), 
Let us write such a relation as 
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0, (%) = o, (x/o) + g (n,x/a) Ant 


Whierescd (i, x/o) esa, Functional of wh O(X/O) , eae oh, 


SSA cane and 2 OE BOE Mee Thee une Gate mero riimok 


Git, S/O) 1S dictated py the type of wield ana its source 


anoe om negenevalman 1nting tercertes. —Relation 4 15 


Loeequivalenu co Lhe assumption that the condition (11) 


can be inverted. 


Differentiating 4.11 with respect to o, we have, 


6 (x,o) 


2 ee eanp = suey alae sa Vig (ee a MEN) . 4.16 


IneCONnAUnC LT OnewLen 41107 wer artivesacetune dently > 


[OM se, Cle, aL (a xe oO) T= iD“d (3) A (x-x") 5, (x!) + iG(x,x'). 
Aires), 


This identity serves to determine Sah ae eS Gaipe any Aap) 
and G(x,x"'). TORODtaine tne Hani lEonlanspracercally, 
EhewLirsG thing we dO 1s to express the Heisenberg 
Operators on ithe right hand side of 420 l/ by, thevquan-— 
trteLeswOn x/ouusiiig 405, ewemtilen Uscm LieosaScumoG econ. 
Mubativonerelaclonswcor ©(x/o). to determines f.(n,x/o) 
Dye rot seteinge Gr) 0.me louie a sOmie vermimedmecurn 
out to be nonhermitian, we then choose G in such a way 


that the sight hand sidevot 4,17 enables us to obtain 
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a hermitian £1. This is due to the fact as stated 
bignteadlter relation 4.9 thats must besanermicians 
The «{ thus determined is in general a power 
series Of the coupling constant whose region of con— 
vergence Is \very difticult to determine. Assuming 
the convergence for (4, it can be shown that HA (n,x) 
(ebeeineae oy erep acing we (X/c bye (x)) are, 37 o 
satisfies the integrability condition, also the Hei- 


Senberg equation Ob Motion) 1s Satistied) bywdesuning 
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= 
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8 (Ge faa, (0) H (m3) }0(0) 4.18 


with ne Ene space time displacement operator for the 
free field in interaction representation. 

The commutation relations for the Heisenberg 
operator can be determined from tne assumed commuta- 
Bertone relvatwons Or Mo /o eid Sorethirougn 9oeaion 

We remark that for the case in which the current 
U'=contains at’ most £Lirst order derivative coupling and 
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When Contains ceravative, coupling Omenigner degree or 
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To relate this formalism with the fundamental 
Structure of quantum tield theory discussed in 
Chapter 2, we observe here that the fields o, 8) shay 
4.5 corresponds to the asymptotic fields o, (t) in 
2.12, while the auxiliary fields dy (x70) take the 
role of canonical independent variables in the 
Heisenberg operator. And the U(o) in the require- 
Ments 1.) CO“nresponds. to the operator U(t), in 2.137. 
The requirement ii), implies the invertibility between 
the Hersenberg operators and the asymptotic operators 
Since , (x/9) and 4 (x) are related by a unitary trans- 
formaciron. Finally 4.18 essthe covariant) version ob 


2.19 in terms of the Heisenberg operators. 


4-2 Determination of the inieerace ron Hamiltonian 


The interaction Hamiltonian for the Rarita- 
Schwinger spin 3/2 field Oi Minimally “coupled to tie 
electromagnetic field Ay will now be determined using 
the formulas stipulated in the previous section. 


We start with the field equations, 
Mig?) Waele amare (x) 4.19a 


a A, (x) = Ty (x) 4.19b 
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According to 4.17, the Hamiltonian must satisfy 


the following identities Simultaneously, 


[y,, 10), Mn yx"/o)] = dd (3) ex") T(x") + AG (KX), 


4.22a 


[A(x,o), U(n,x"/a)] = 4D, (x-x')T, (x") + ig, (x,x") 


AN STIRS) 
* 
For the case e = 0 in 4.21, we have; 
ea) Sh Gy PINE ak 65) 4.23a,b 
ay ra Laren r 4 ° ; 


SUDStieuLing, thas) TOM the right hand, sidesoL 4754, using 


the commutation relations; 


Ch ro) Wy (xt/o)f = dd. (3) A (x-x") 


and 
[A, (x,0) A, (x'/o)] = iD... (x-x') 
we obtain 
1 ees kx 
tt (n,x/o) = -LepTAyp eae 4.24 
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equals to zero. We have then; 


SubStituting 4.25 anto 4.22, the right hand side 
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We are no longer able to find a hermitian & 
by assuming G and g vanishes. This is because the 
dLeterentiation in vdydoes not enter symmetrically. 
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We observe that both G and g are four dimensional diver- 
gence terms in accordance with the requirement discussed 
in section 4-1. 
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We have explicitly determined HW (n ,x/o) and 
have expressed the Heisenberg operators Os in terms 
OF the euxiliery operators and, theis derivativeseto 
POULENPOrder imytheyecouplingyconstant evs In principle, 
it is possible to evaluate the higher order terms by 
repeating themsame™ procecure, though: the calculations 
ere enormously = leng cny=ancd complicated y = set, Ws Now 
examine some features of the procedure and the results 
obtained. 

We observe that to obtain the n-th order expan- 
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lay Welaves Boleregal Ske G and g. 

The highest order of derivatives in the n-th 
order Hamiltonian as well as the expansion of ye (x) 
in terms of x/o fields is n= 1. it seems that the time 
derivative (no) in Cin can take the order of n-1l, 
however closer examination reveals that the highest 
time derivative im the Hamiltonian vs at mose Cf order 
one. 

In the expansion of Ue in terms of x/o fields, 
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4-3 The S-Matrix 


According to the general theory, the required 
Pneeraction Hams beoniananl(n,x) Anethesinteraction 
picture is found merely by replacing the auxiliary 
fields in 44 (n,x/o) by Boys aerate Fee Pielas (ise 
fields in asymptotic representation). 

With fthe g¥(n,x) \given by ak we can formally 


write down the S-matrix of our system as follows; 
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Our S-matrix can be written in perturbation ex- 
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arises from the symmetry of the interchange of the 
Space-time coordinates. 

We define the T*-product which is related to the 
T-product for the field operators as follows; 
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With 4.36 we can replace the T-products in the 
S-Matrix 4455. by @l. products maALter a slLengthy calcu-— 
lation, all jthe normal dependent terms vanish, and 
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effective 


So long as we also replace the T-product by thei T*— 


product. This property of the S-matrix, referred to 


as the * generalazed Matthew!sirule', is’satisftied in 
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our case. This 1s indeed the result one expects in a 


consistent theory. i 


4-4 Commutation Relations 


To complete our quantization, we now derive the 
commutation relations for the Heisenberg field opera- 
tors. Since we have expressed the Heisenberg operators 
in terms of the auxiliary fields whose commutation 
relations have been assumed, we are now able to deter- 


mine the commutators of the Heisenberg operators. 


From.4.33:, We Wreice for Wa wate srerlation, 
—_ acl 
W; (x) = QQ.) (n,x/o)p, (x/o) | ee 
with 
Ces ee (ee es Meet eae 4.38a 
iv ak) ee eas a Kegon) : 
where 
2 
M=- 5 (+5) {2+ ie (A.V - i0.B)- Seu! eee: exe; B] ) 
3m 
3 A 24 iSente UA Wo Wee 


+ higher order terms} 
10/7 Ci 4.38b 


: : ae a ee ial 
ii Gehtetiaa » , ee tiles nee ot a 


® we “i 


nei (Soke Gg - ¢ ee A.V 
2 2 4 
3m 
| 
+ higher order terms 4.38c 


Ba Gi 


and 


i 7 7 1 
re) eee Peg (aoe ce alla) 


The following equalities, which can easily be verified, 


have been used to arrive at the above result: 


s - 2 m 
ips euly ee GATE rer 
m 
T Cnt mur yam is 
Ds Ela ( ae i ( D ie 
mS D > > 
Glin ays Dees es) Nev A 
3m u 
a y) > > 
n-TA-d. = - (—=)nyA.Vnyn 
v 2 \) 
3m 
>> 3S > 
fim PASwb =A on = —nyA.V V.A 
Since one ~ Oo Vvat OGLE Vaal, Wak nig uschOL athe 
Primary CONS thal, 
=) 
_ Sa Ba 
tpl iets py RE tere 7 
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derivatives hence the electromagnetic field A's 
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When@i equals flow), athe right heandescide tof 4 4iees 
obviously positive definite. The problem with the 
indefinite nature of the anti-commutator for 5 
obtained through the canonical quantization does 
not seem to be present here, We may then ‘conclude 
thatesourn method of «quantization fon the charged, spin 
a/ 20 LS eConsictent. 

However, let us determine the commutator for 5 
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Expressing all the a and a On Eber rightshand 


side of 4.42 in terms of the unprimed ones, we 
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PHheoright hand side of 4°43 coincides to fourth order 


in e with the power series expansion of the expression 
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after collectrng terms of the same power ine. This 
in fact is the well known result of Johnson and 
Sudarshan. We believe that if we had determined the 
higher order terms, the agreement will still Holds 

As long as we use perturbation expansion, the anti- 
Conmuratonu Lot od; is positive since to every order in 
e the above expression is positive definite. It is 
only when we have summed the infinite series that the 
indefiniteness becomes apparent. Our formalism hence 
suffers the same inconsistency as Johnson and 


Sudershan. 
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Before we discuss further the inconsistency 
Of Our quantization, let usslook at an alternate 


way of deriving the results. 


4-5 Extension of Kimel and Nath's Work 


As we have seen in Section 4-2 that if we had 
set G = 0 Lies 22, Celt (ney oO) me thauesariorres = this 
identity when we express the right hand side in terms 
Of the auxiliary fields is not hermitian apart from 
cheslitsteorcer term nee. MinPovder tOPoscta in a 
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Ty, (t) = 1) (x) 

I, (x) = v(x) + a ay ee a 4.44 


[nemeerome4, LomOonerarnrrvess ot 
ps (x/o) = vs Go dsl, (Oa See Op SSE bans (x) ) 


= (eS) 


+ —~ 6 ,b.,j 
Bes u4 ikikiu 


and 


A, (x/o) = A, (x) e ; 4.45 


The identities to be satisfied by A (n,x/o) becomes 
= ee ee ea | 1 : Solis WN I 
Up Mes peo gs nen co0) t= id) 44 (x x )T, (x )+ id, pA (x x )j, (x ) 
: en ie We t 
+ id, 22,4 (x x ie es ) 


and 


[A, (x,0) eA Thy 7 Oak BEN yes Jabal + sh yeti hi Ae 


+ Oe fy eae do, & ) A ees 


oe _ ith ey. ey gf 
28) aaybieaw wns ch hme 


+ a o~ 
i Bis Arie i‘ ity A: ce sing? +p Ne 


ee tk i ae 
: Gs +. . ; =) > 

&, . a) 
. (ear. Wek vik boriehtza od 9) ehid eR oe 
| a | _ oy 


tit) Sten a BL a Pate ti Shee aon (ny 


” 


\’ at er i ’. 


63 


With these modifications, they have determined 
the Hamiltonian and the relation between a and the 
auxi)ianytiaelemtorsecond ordertinies @iheir results, 
coincide with ours given in Section 4-2. However, to 
calculate vhigheéreorder termsfinethas method, asiiwe can 
easily. deduced from our calculations in 4-2, the 


relations 4.44 should be modified into the form 
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where n depends on the order in e to which we want to 
calculate, fom anstance, the fourteen order terms, n= 93. 
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currents in the form of 4.41 is due only to the time 
derivative, bY Singling OUutstne role OLrethne time 
derivative and allowing the space derivatives to be 
symmetrized wherever needed, and further uses the 
equation Of motion, tol kKécpurnee time derivacive sin 


J; and I. to at most of first order, we are able to 


heated 
, 


: 
Att 
—_ wv 


compute poigherpworder terms by thissemethod,. This is 
justified since three-divergence terms may be added 
to or subtracted from the Hamiltonian density without 
altering the physical content of the theory. 
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Note: all field operators in 4.50 are Heisenberg opera- 
tors. 


Spubstatuting 44 49e9anto 4.45 we obtain 
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Again all, operatorsi/in 4.51) are Heisenberg operators. 

We have taken n,, =. (0,71)e<0 afhes component W, (x/o) can 

betobtainedrinroughe4 +51 by the relation NEV MaKCH = 0. 
We formally construct the inverse operator one 


such that we can express the Heisenberg field v5 in 


term of the auxiliary fields as 


p, (x) = Q..W. 
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illustrate that even though the relation between j. 


Hake 


and) the x/o flelds may appear to be ditirerent, the 


Hamiltonian as well as the commutation relations remain 


Cheeoaine. 
With 4.52, we express the currents 4.49 and 4.50 
in terms of the auxiliary fields with the help of the 


following relations which can easily be verified; 


67 


, 8 _ ; 
of GE sbink Aoviy, 2 ils)'oa rf eT fai cove 
' = 4 | wo. e- 


; : Sreiris miss eabis das | — 


aa : | e 1s s 
- 
. ec x * 
> ‘et : Ss W Peer Ss) ; = 
{ 7 
4 r ab BS j 
~~ ‘ ' ‘ 
¥ 
& ' ‘ 
Oe Lilo Ma) eee te = 4 nests sou oi : uv [padat gor. afk 
- 7 
~ 7 a 
Au a 10) ee 
a! ee od anaes xeux 
‘ " i. ri , rs re - 
f : 
F : ics : | RODNSETTELITE 
’ ae | , a 
. 
+ Lie s 3H2 
2 (iiery t eee oe ‘7 jst a iT 
af 7 
; ‘ae : 
> 
a tin Be i) a or ; a 
7 mam 3 «tate -¢ =f = urs Aid ‘ i} 
4 - - a6 : 
7 7 ae 


a feed : : ; 7a 
. ise ad ; ef Soe a. ays - L? vw 
a ~~ p 7 ; : od = a ae PS Ta re 


io) Meera, © Srey ee a 


68 


Na. eee ae aa eae Q : 
Grae ame A eR Vint ean ee mee I Wane 


| 


} 
{ 


Ga pe ShiceSa -AyY.-0.y.A- - - 1 
tyes ie{V BY oY A 291 4485 MA 9 Bo . my AsV 5} ¥, 
- Ley ,V.Av, + BEING MERU AGC gale 


S i m : 
Slo jeat SMY es Val, 


Ain ae 9 tran cea 
AnXn3 rch Y ge 4P ns 

i afte et : 1 => = 
Ca tea; MY) 5 Lo. By. V oy y.Vio.B+5[y.Vio.B] 


9 eV 4A g8 91.9, + mio B-m[y.Vy,A,] 


at Mage Aime Ae ; Ce 
Eph oe te ia dea Vk VV A YW gts 2i) tS May ASG, 
we have determined CxO) eLrOM 4e4omto fourth onder 
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given by 4.31 when we write them later in a noncova- 
Mien elOLm, Wie n,, = (051). Lue sconmutatronerelacivons 
for the Heisenberg fields derived through 4.52 is also 


identical to those obtained in Section 4-2. 


The areeere Lechnique Ws in Tact equivalent (co 
that used in Section 4-2, in the sense that the sepa- 
Gatton vor sCurEents into Ewouparts, One Gl) whiicaenas 
the form om derrvative |coupiing, takesmetic eo lace for. 
introducing the G's in Section 4-2, which has the 
effect of ‘symmetrizing “the derivatives sin the current 
J. The technique in 4-2 has the advantage that all 
field components are treated on the same footing while 
in the present case one has to-eliminate the “component 
vy fromethe eEurrent  using@the constraintsvexplicitly. 
The mathematical manipulations in the present method is 
far more tedious than that encountered in the previous 


sections. 
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CHrie Ti ae 


EXISTENCE OF THE S-MATRIX 


We have explicitly constructed the scattering 
Mater £Om OUsesyecem in Chapter 4h thnervalidityror 
OULSPrOoCequresinetils particular situation, and hence 
its consequences is somewhat limited by perturbations. 
Further as shown, the interaction Hamiltonian deter- 
mined iS a power series of the coupling constant e, 
whose region of convergence is very difficult to 
determine. However, in order to prove just the exis- 
tence”™ofL the S-matrix and not to determine it expli- 
citly, we need not *resort to perturbation. 

Let us start from the integral equation 4.5 


which can be/'written in the form 
(1 + K")o(x) = o(x) 


where 


Then 


o(x) = Lo(x) + ) ci, (x) 
al 


where L satisfies 


Lies aera 


and 


(LU te Kio mcm 


c,'s arevarbitrary coeltiicizents. The term 5 is 
completely ignored in most cases. However, when 
the fields »(x) do not form a complete set, the os 
may be the complementary set such that 6 and >. 
together LoOrmyane a vreducibile operatorering. 

Mnepoperator leas closceiverelacea to, thie 5— 
matrix whose existence we want to prove. We shall 
first ignore these 5 and later discuss its possible 
iated Waxy 

We prove the. existence of the S-matrix by 
employing the technique used by Capri (14) where 
the Q-number problem is first seen cova Closely 
related c-number problem. The formalism will be 


presented im the next) section. 


5-1 Formalism 


We shall sketch here, as an illustration of the 
(EcielsvenWogbtewy aaape “eles (elstats: Yops Gl yewiels Hye) wealcikel  Gtene Qik())) 
interacting with external electromagnetic, 


We start with the basic equation 
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where Se) is a suitable smooth function that decreases 
in a prescribed manner as any one of the components of 


xX approaches +». Rewriting 5.1 in integral form, we 


have 

Ueto) aren (+) ie fax oT 6) (xoxt)y a, (x")y (x!) 
Da 

where GY (x-x') = a(3) aTet (dV) (ge gty, 


d(d) being the Klein-Gordon divisor for the differen- 
tioleOpebacora\ (oe) mie em oMearing to .2 with L.our— 


component test functions f(x), we get; 


fi GRE Ne sey Zz yin (out) (fy 5.3 
where 

UGE fax E(x)p(x) , 

metals = £+ (-)ie(exc™ ) ya, 5.4 


and (£46) (y)= Jax £ (x) G(x-y)as,the convolution, product 
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and the whole problem is essentially solved. 


= 
To find the inverse mapping T’ £ requires find- 


1NgGsa Cluncupon nesuche that 
The = hi + nest ae = ee 5.6 


We introduce the auxiliary function 
g = nee ss Sia I 


Then g along with all its derivatives vanish as 


Xeetig Also g satisfies 
. 
G (2c) Sea (oc) 5n8 


and replacing h in terms of g in 5.6 we get 
Gie—0) tk iegy,A,= Az Dee) 


WLENeZeErO initial conditioner at aed OSC If we can 
then solve this initial value c-number, we can use 
5.9 to compute hm and henceswe will have ‘computed 
rg, In a similar manner we compute pass by 
SOLViIngMo. VewLthezeroes ina lmeondatronsmat ice oR 


This means that if we have proved the existence of 


solutions g for the inhomogeneous wave equation 5.7 
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WIth pEescribedginitial conditions, the existence of 
; -1 -1 

the inverse mapping T' and T@ is established. 

this allows us to write 


Out 


p (f) = p a uses) aan, er) 


which enables us to show that the in and out fields 
satisfy the same commutation relations. We need 
only to show that, corresponding to the out-field, 
there exists a vacuum state in the Hilbert space of 
the in=-Statesys which }wass eirst, constructed bY assuming 
that the in fields are the same as free fields, to 
conclude that the two fields are unitarily equivalent 
(igi. the unitary operator connecting them is the S- 
Mace lx. 

In the following sections, we shall apply this 
formalism to the spin 3/2 field, the electromagnetic 


field will be assumed as external. 


5-2 Reduction to c-number Problem 


Since the Rarita-Schwinger field Hg contains 
sixteen components, we shall use the sixteen component 
test function £ (x) with each component taken from the 
test function space ah of anfinitely differentiable 


functions that are rapidly decreasing at infinity. 
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the*analegues, of ‘the spin 1/2 equations 5.3 


and 5.4 become; 


ie Ee Uae cng aces) 5 11 
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uv Vv U ee TN ~ AU 
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By restricting the external electromagnetic 
potential A to bé’a function in, the mappings co 


a ore 
raweiae UAy c define continuous mappings from - into w, 


(a) 
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since ay e # and G is a tempered distribution, 
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tiable functions of slow growth which are multipliers 


hence ta G the space of infinitely differen- 


Ox Ae Hence we can obtain the analogues to 5.9 as 
(<1) = £ Site! 


WEEleeltnenr ZeroOelnVeLtal CONdLELONS Of Zero Linal con- 


ditions, where 


and 
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MNewnexl Secliloneis, devotedsto solving 1.0. 


5-2 The Cauchyeerob lem 


We have established that "if Tay = . then 


ia = pr j 1 = a — 
i i f is given by eRe a! 0) where oo T ) 
ey WitNeZelOoul Mit tale data 


Conversely, given a dé Om Suche tial duh (-T) = 


M Vv 
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7 Wath zero indtral data, then Tay f exists and is 
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: b bay mt 
given by So 3) 
We now want to study the solutions to the system 


of homogeneous partial differential equations: 


) = £, (x) 5,13 


With Veanushingeinveral data. 

HOWEVER, since Sols contains constraints, Gias 
Cauchy problem is not well posed, we are thus unable 
tOustudy the solutions, to this problem directly, 
DEOMmecnerOLecusclole LONCh ap colo, aWem OW —ULidueeVeLy 
solution of the system 
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of the homogeneous equations, 


4) 


_ . . 
7 P a A a — 
i twa Lefioasy Yeto ao 


(0 ae 
ere i 
apelin pe 


i e ti F 
a 


Furthermore, in the 'weak field case' 5.14 is equi- 
valent to a hyperbolic system of partial differential 
equations where we can prescribe initial data on the 
surface Sa cOnstant.9 And only in this case that we 
Can expect reasonable solutions to the system 
exist. 

Assuming that our system Satisfies the 'weak 


field condition', we then have a well posed Cauchy 


problem; 
a) es # (x) Beas 
where 
= 1a Wiles 
Peg 7 erm 


Witla alien atid tia lade tear. 

If we can solve this system for che we then have 
DLOVeC! che *existcice Olbm@sSOlUucilOnSs COPOULOnIginalesyc= 
tem 5213. To solve 5,15, considered’ as 4 matrix 
equation with sixteen components, we first diagonalized 
Pheapoinc pal palLtg@ouscheumaublxsOpSLaLor M by multi- 


plying trom the right by the» cperator 
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Taking the transpose of the resulting equation, we 


obtain 
IL g = Nos wo ; 


with 


E 
II 
x 
od 
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g and w are sixteen component column matrices, N is 
a sixteen by sixteen square matrix operator with at 
most third order in derivatives, Iis the sixteen by 


ie 
and 


Sixteen unit matrix. Also wea since f< patel 
Nware: both multipliers of ow © 
Working in the Lorentz frame in which only the 


magnetic field survite, the operator L is expressible 


as 


with 


aos? es, eye >a) 
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We shall now sketch the proof for the existence 


and uniqueness of solutions to the Cauchy problem 


Lg = Ng + w | Daeue 
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THes Lorine or on is not specified since our results 
depend only ongthe Limiting values. 

new prooL Wses' the technique sorter. Jonns (49) 
for system of hyperbolic equations, and is broken 
up into three. parts. 

We first use the method ore Energy integrals’ 
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procedure is used to obtain the required solutions for 


the whole equations. The sequence of solutions used 


/ 
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in the iterative process is shown to converge in the; 
prescribed norm. Pointwise convergence is achieved by 
means of Sobolev's lemma. 

Finally, the solutions are proved to be unique 


by showing that the solution g to the system 
lig = Ng 


with vanishing initial data, vanishes identically. 

The detailed proof is. very involved and will not 
be given here. In the existence proof, the support of 
the solution g is determined to be contained in the 


forward ray cone with normal ni defined by the equation 


subtended by the support of h. This ray cone 1s exten— 
ded from the originary light cone for nonvanishing 
Mangettcurtelda, hence, the ertect.1swacaisain. 


We thus conclude that for all fe» we can find 
=) 


-l 
rf and T* £ in fe SEULeEnerMore, eal los 


ge, Tof, T 

these mappings are continuous. The support of ue ee 
= 

and T¢ £ is contained in the forward and backward ray 


cone subtended by the support of f. 
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5-4 Commutation Relations and the Out Vacuum 
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Since we have established the existence of the 
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the corresponding identities in terms of the inverse 
Mapping can also be obtained easily. 
We now show that the in-field and the out—-field 


satisfy the same commutation relations, that is, 
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Teer cere 9.18 implies that the out-field can 
be expanded in terms of creation and annihilation 
operators which satisfy the same commutation relations 
aoe chem nN-Opelatous. me OlGEtaSsk now SmLOesSiow (chat 
corresponding to the out-operators there exists a unique 
vacuum state in the Hilbert space to conclude that the 
in and out fields are unitarily equivalent (98). The 
unitary operator connecting them is the S-matrix. 
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We now show that the equation 
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has a solution that |.0> is in the in-Hilbert space. 


Let us expand the state igs 
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Equating the state with the same number of particles 


we obtain 
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Taking the inner product of the above expression with 


itself we get 
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Thus we have shown that the out-field processes 
a vacuum state in the in-Hilbert space. However, 
this method does not allow us to show the uniqueness 
of the out-vacuum. Assuming the proof of uniqueness 
of the out-vacuum by Labonté and Capri (20) for the 
case of spin 1/2 field is valid when generalized to 
the present situation, we can then conclude that a 
unitary S-matrix exists for the Rarita-Schwinger spin 
3/2 field interacting with external electromagnetic 
when we restrict ourselves to the weak field case. If 
the field is strong, we are simply unable to solve the 
Cauchy problem, and hence this technique is not appli- 
cable. It may worth investigating how to include the 
5 discussed in the beginning of this chapter and what 
are the consequences of this inclusion to the Cauchy 
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CHAPTER 6 


CONCLUSION AND DISCUSSION 


We have discussed at length the quantization of 
the Rarita-Schwinger's spin 3/2 field in the presence 
of minimal electromagnetic interaction. Within the 
framework of quantum field theory summarized in 
Chapter 2, and under the ene that: the diage= 
nalized Hamiltonian Hy in (2.7) is the same as the 
noninteracting part of the total Hamiltonian, we 
proceeded via the Takahashi and Umezawa method to 
determine the interaction Hamiltonian /(n,x/o) from 
which the time och eiet operator U(a) for the state 
vectors in the asymptotic representation is determined. 
TescLollows eerom thes structure On etnCOLymtlataliaesucn 
a U(o) exists, and the assumption concerning the Hy is 


valid, the relation 


o(x/o) = F($(x)) 6.1 


ESwInverupbie. weLhi SainVvec libs lity iSepLesupposed berore 
weeperforpmeounegalculation.esByelormallysinvertangethis 
relation and the requirement that él (n,x/o) be a Hermi- 


tian operator (since, the total Hamiltonian, and the free 
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Hamiltonian must be Hermitian), we used the identity 
(Ae) eco.determine tha (1 ,x/c) sasawe | lease tising 
the four-divergence term G. The complete cancella- 
tion of the normal dependent terms in the S~-matrix 
formally constructed from the interaction Hamiltonian 
when we replace the T-product by thes2*-=product was 
abSosxoemonstrated. hig cancel lationuca Wledatne 
"Generalized Matthew's rule" is in fact a consequence 
OL BoeCONSTStemL theory anduas sLOnGmadcmwe stayeinetic 
DeBeuGbacion expansion Of Lhe Variousiquanti tices oF 
interest as a power series of the coupling constant e 
(cee tn athe weak [ticld) case), (hesanei commubet.on 
relations for the Heisenberg fields remain positive 
definite. The commutation relations and the Hamiltonian 
derived are compatible with the Heisenberg equations of 
motion since it was by demanding this compatibility 
that the operator properties of the fields were  esta-— 
blished and the Hamiltonian was determined. Hence we 
can conclude that in the weak field case the charged 
Si Og2e hte eCan ioe quantized Gonsustenctly alias 
conclusion is also complemented by the workin Chapter 5 
where whe existence Ofuthe: S-matri x waseprovcdaby. tne 
technique of mapping in the test function space, under 
the weak field assumption. 

However, the equal time anti-commutator to, (x), 
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by Johnson and Sudarshan evaluated Up 4cG etches Ont a 
Orderern ithe scoupling constant, and uthat we believe 
this agreement will hold to whatever order ine 

Ou‘ tedious calculation «allows sus to go.s@This: con- 
pelssus to admit that our quantization procedure 
suffers the same inconsistency as pointed out by 
Johnson and Sudarshan when the electromagnetic field 
is strong. We also note that without the weak field 
restriction, the mapping technique simply cannot be 
applied since the Cauchy problem cannot be posed. 

TUS ewe gConClLudéwthaGsthesguantizabiomeprocedure 
we used (also the work of Kimel and Nath, since their 
results agree with:ours even up to fourth order in e), 
Cannotsconsistently (quantize the Rapita-sochwinger spin 
3/2 field minimally coupled to the electromagnetic 
field when the weak field condition is not satisfied. 

It has been speculated by Kimel and Nath that 
Cheminvertibility sassumpeElon Ob relation 5. Jslmay become 
invalid rendering the quantization procedure inconsis- 
tent. We have indirectly shown that when the field 
Ler scerongsinvertibilatyedoess not noOlds this Means, Lhae 
Our} sel Oot asymptotic fields is ancomplete and hence 
aqoes not £orm an) vrreductble, operator ring. sRecalling 
that the invertibility between the Heisenberg operators 


and the asymptotic operators is)a basic structure of 
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quantum field theory if the a Ini) se the correct 
diagonalized matrix operator. Thus the basic assump- 
ErOnmena t Hy is the same as the noninteracting part 
Cie Chem cOLal@iani COnvan Mayenotebe justi iited Ineour 
case. 

The noninvertibility may also be due to the 
acausal propagation characteristic of our fundamen- 
talireldvequatvon.. Lt has been known 2h) that ve 
we do not constraint the parameters b and c in our 
general wave equations (3.3) as we did (3.4 ), (i.e. 
we include into our consideration the two spin 1/2 
fields) the general wave equations process proper 
propagation behaviour. This may also be the case for 
a consistent«quantization. Further investigation is 
necessary to see if irreducibility can be satisfied by 


including the spin 1/2 fields into our consideration. 


 < 


noid Rieke madam 
_ 


3 ei a 
Le te. —- 
7 riers vrApa 33-1 othe i an ; St) ecteRe: ht. iN. ved hi 


a 
vi 
ma afi 
7 7 =) 


tea Per Jotaoi nok ony so. oe 


Ag et. GN ad cain yee ott lereoroettsa tar we 
Z 7 7 = et a 
tits if Leota Te Loe 


— 


' 7 1 ree a eTCG: OS , J] - ape nie it a 0 


“. 2 wee 
hs Vs) ) dor o8 ow 
, ae 


soi Le , ; “v4 res Bee Vel tst 
7 — 
poxchot Lee 9 : : 


93 


APPENDIX 
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